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We study the asymptotic behavior of the invariant measure, the Lyapunov
exponent, and the density of states in the weak disorder limit in the case where
the single-site potential distribution yu is not centered and for the special energies
E=cos(np/g). We also prove that in general the above quantities can be
continuously extended to zero disorder as continuous functions in the disorder
parameter for all energies Fe(—1, 1).
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1. INTRODUCTION

The one-dimensional Anderson'”) model is given by the random
Hamiltonian

H,=—4+AV on [XZ), AeR
where for any ue!/*(Z)
(Au)(k)=ulk + 1) +u(k—1), keZ

and {V(k)},., are independent identically distributed random variables
with common probability distribution p, whose characteristic function will
be denoted by h, ie., A(t)= e "ud(v).

For a given energy Ee R the eigenvalue equation associated with the
operator H, is

u(k + 1)+ u(u—1)=2[AV(k)— E]uk), keZ (L.1)
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If we define

u(k)

z(k)=u(k_1)eR

where R= Ry {0} is the one-point compactification of R, we can rewrite
(1.1) as

z(k+1)=2[/1V(k)—E]—Z—(1k~), kez (1.2)

If 4 is not concentrated on a single point, Furstenberg’s Theorem (see
B.I1.4 of ref. 2) asserts that if A # 0, there exists a unique invariant measure
v, £ on R associated with the Markov process defined by (1.2), ie.,

J, 70 vastan) = [t [ £ (20051 =< Jvastar) (13

for all bounded measurable functions f. In addition, v, ; is always a
continuous measure and hence it can be viewed simply as a measure on R.

A great deal of information about the properties of H; in the weak
disorder region could be obtained through the study of the behavior of v, .
as approaches zero (see ref. 2, 3, 4]).

Problems with a straightforward perturbation expansion in A as
proposed by Thouless®®’ were first discovered in the case where y has mean
zero by Kappus and Wegner,® who noticed that the leading coefficient
was inadequate in the center of band E=0 and that the differentiated
density of states exhibited a discontinuity there. They called this
phenomenon an anomaly. Derrida and Gardner, looking at the invariant
measure, extended this result. They found that at energies E= +1, the
next-to-leading coefficient of the Thouless expansion was incorrect and
they conjectured that such anomalies should indeed occur at all energies of
the form E=cos(np/q), with p < g relatively prime integers. Bovier and
Klein® gave a very detailed analysis of these anomalies and proved
Derrida and Gardner’s conjecture at the level of formal perturbation
theory. They also derived for the case E =cos(np/g) a modified perturba-
tion expansion with finite coefficients at all orders; those differ from the
naive ones only at order >¢— 2. Recently Campanino and Klein'”) proved
that the modified expansion mentioned above is actually asymptotic to all
orders.

In this paper we study the weak disorder limit of v, , for all energies
Eec(—1,1) and without the restriction that u has mean zero (an essential
assumption in all the works mentioned above.) It turns out, for example,
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that if the mean is not zero, the modified asymptotic expansion for the
special energies is quite different than the one Bovier and Klein derived in
ref. 3 and that exhibits anomalies only at order >¢— 1.

2. STATEMENT OF RESULTS

If i is such that its characteristic function with its first derivative go
to zero at infinity, Klein and Speis®® have shown that the invariant
measure v, 5 is absolutely continuous. Let ¢,  be its density. Then (1.3)
can be rewritten as

1 1
0.6 = 0:0 (305 A ) @)

Let K=L*R, (1 +x?)dx) and let T and B,(E) be operators on K
defined by

[Sf](X)=f<_—1x—>}15, feK xeR

and

[Da,Ef](X)=Jf(x—2()vv-E))/t(dv), feK, xeR

One can easily see that S is an isometry on K. Moreover, D;  is
bounded on K and (2.1) can be written as

[D}‘,ES]((/)A,E):(»D)‘,E (2.2)

Under very general assumptions for 4, Klein and Speis®’ have shown that
D; ;S has one as a simple isolated eigenvalue for all A#0 and all EcR.
However, if A=0, this is no longer the case.

If the energy is of the form E=cosna, where o is irrational, the
equation

[DoeS1f)=1 (23)
still has a unique solution.®’ The obvious attempt in this case to find a

weak-disorder expansion for ¢,  is to formally write

oo n

Le= ). Pk (2.4)

n=0
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and plug the equation above into (2.2) to obtain

n ak
(I=DosS)op)= % ( )(WDOES> (0r 29

— i=0

Since, as Bovier and Klein‘® showed, the set of equations in (2.5) have a
unique (with the appropriate normalization) solution, it follows that if ¢,
has an actual asymptotic expansion, its coefficients wil have to be equal to
the ones specified by that solution.

If the energy is of the form E=cos(np/q), where p <g are relatively
prime integers, (D, S)?=1" so (2.5) is no longer adequate. However,
one can rewrite (2.2) as

A;.,EQD;_,E:O (2.6)
where

A, = PasS) =
Y}

and use (2.4) to obtain

<1> Aoy (x)= Z < )(aﬁj /ES)‘7>)’=O(,)’;"‘(x) 2.7

If the mean of u is not zero, we show that id, . (defined on an
appropriate Hilbert space) is symmetric and that —AJ , extends to a
positive self-adjoint operator with zero as a simple isolated eigenvalue.
Combining this with the bounds we obtain in Section 3, we end up with the
following theorem.

Theorem 2.1. Let p be such that its characteristic function A
is infinitely many times differentiable on (0+oc) with A'Y(f)=
O[(1 4 *)=*?] for all i=0, 1, 2,... and some a > 0. If the first and second
moments of u exist and are not equal to zero, then for every energy of the
form E=cos(ap/q) with 0 < p<gq relatively prime integers, the unique
[up to normalization { ¢, z(x)dx=1] solution of (2.7) forms a series
which is asymptotic for Ra 4 — ¢, o€ K to all orders at 1=0.

If E = cos no, where « is irrational, the situation is quite different, since
zero is now a simple eigenvalue of D, ;S imbedded in the continuum. This
the question of whether the series given by the unique solution of (2.5) is
indeed always asymptotic is still an open problem. We prove the following
theorem.
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Theorem 2.2. Let u be such that its characteristic function 4 is
three-times differentiable on (04 oo) with A¥(7)=O[(1 +¢*)~**] for all
i=0,1,2, 3 and some a> 0. If the first and second moments of y exist with
the second one being different from zero, then the map Rai— ¢, pe K,
where ¢, o is normalized by 1= ¢, z(x)dx, is continuous for all
Ee(—1,1). Moreover, if the first moment is different from zero as well,
then

1

m:q’&b‘(x), xeR, Ee(—1,1) (2.8)

lim ¢, g(x)=
A—-0

where one can recognize @, ; as the unique solution of (2.3).

Remark 2.3. If the mean of u is equal to zero, then (2.8) is still true
provided that E#0. However, if E=0, then lim; ,, ¢, ((x) is equal to
1/(1 4+ x*)'72, not to 1/(1 +x2).®® This is a special case of the instability of
anomalies mentioned in the introduction.

Note that since the Lyapunov exponent y,(E) and the integrated
density at states N,(E) can be obtained from the invariant measure by

yA(E)= | log|x| v, p(dx)
NABY= [ v st

one can derive statements similar to the ones in Theorems 2.1 and 2.2 for
the quantitics mentioned above as well.

Even though K seems to provide a simple and natural framework for
the description of the properties of ¢, ; in the weak disorder limit, it turns
out to be inadequate for the detailed technical estimates that the problem
at hand calls for. We solve this problem by switching to a set of Hilbert
spaces similar to the ones that were introduced by Campanino, Klein, and
Speis®'% for the study of the supersymmetric transfer matrix and that are
related in a precise way to K.*®) We then reexpress D, z and S as bounded
operators B, ; and T on these Hilbert spaces, where we show that B; .7,
A#0, has one as simple isolated eigenvalue whose eigenvector will be
denoted by &, . Through a more detailed analysis of the dependence of the
size of the gap around the eigenvalue one on the parameter A, we are able
to obtain a bound on the norm of ¢, ; which is uniform in A#0. This,
combined with a weak compactness argument, proves Theorem 2.2, which
concludes Section 3.

Section4 is devoted to the study of the operator A, for
E=cos(np/q), 0 < p < g prime integers.
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Finally, in Section 5 we combine the results from the two previous
sections to prove that term by term the series associated with the solution
of (2.7) is asymptotic and we discuss the anomalies of that expansion.

3. THE SUPERSYMMETRIC APPROACH

In this section we introduce an alternative form of S and D;  and we
study them as operators defined on the Hilbert spaces mentioned in the
previous section. The connection between this new approach and the one
we used before will be made clear toward the end of this section.

We would like to point out that since for the benefit of the general
audience we refrain from any use of superspaces and their geometry, several
of our definitions might seems to be lacking any reasonable motivation. We
refer the reader to the work of Klein and Speis'®®) for more insight into the
formalism and nomenclature used here.

Definition 3.1. Let EeR and #(R?) be the usual Schwartz
space over R%. We will denote the vector space #(R?)x Z(R?*) by
Z*(R*). We introduce a sequence of multilinear functions g¢%:
ZR*) x £*(R?) —» £(R?) through the equations

(-1l (G )
(G

(1) (o)) -rere

where n=0, 1, 2,.., f, g L(R*), o = (¢,, 9,) € R? 8¢, and d¢, denote the
partial derivatives with respect to ¢, and ¢,, and Mg, and M, stand for
operator multiplications by ¢, and ¢,, respectively.

Lemma 3.2. Let 4 be a compact subset of (—1, 1).
1. We have

(b (R))po o (3)ee

n=0,1,2,.., and all E€ A. Moreover,

() (2))=0= (1)
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2. Let A4, B be the two self-adjoint 2 x 2 matrices such that A4 < B.
Then

()< (1) o () ma e

3. Let D be any 2 x 2 matrix. Then

(o) ol (£) () () esrmars

and where || D| denotes the norm of D.

4. Let n be any positive integer. Then there exists positive constants
XC,, and C;, which depend only on the set A4 and » such that

cui(7) ()< (2 (2) =cerss () (1)

for all (?)532([}?{2) and EeA
2

Proof. If Ec A, (L ¥)is a positive-definite matrix which satisfies
: 1 E
CAI<<E 1><CAI, EecA

where C, and C/, are positive constants that depend on the set 4 and [/
stands for the 2 x 2 identity matrix. The rest of the proof now follows from
relations (3.1) and a simple induction argument. |

Definition 3.3. Let R* =[0, + ) and let £(R™) be the usual
Schwartz space over R*. Since we can always identify any element f of
Z(R*) with the function defined by

RZs¢— f(¢?)eC (3.2)

where ¢ =g - @, we will be viewing #(R*) as a subspace of #(R?).
Let Ec(—1,1). We introduce a sequence of norms [|-|Z on Z(R*)
through the equations

ange=f e (D) (5 7)) m-r2se

115 =100 (3.3)

where f’ denotes the derivative of f on R™.
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We define the Hilbert spaces H, , to be the completion of #(R™)
under the norm | -|,, 5, Where

If1he= 2 (fI5)?2  feZ(RT)
k=0

Remark 3.4. We would like to point out that the Hilbert spaces
Campanino and Klein used in ref 7 are somewhat smaller than ours.
However, one can easily see through an explicit computation that they can
be continuously embedded into the spaces defined here.

Let B, and B, be two Banach spaces. We will be using the notation
B, G B, to indicate that B, can be continuously embedded in B,.

Proposition 3.5. Let 4 be a compact subset of (—1, 1). Then:

H,;cH, sforall Ee4 and all n,n' =1, 2,.., with n<n’".

2. Let n be any positive integer. There exist constants C,, and C/,,
that depend only on 4 and » such that

Conllf Mno < U< Clhull S0

for all fe Z(R*) and Ee A.

3. The unit sphere of H, , ; is precompact in H, ; for all E€ 4 and
n=0,1,2,.. (also see ref. 7).

Proof. Parts 1 and 2 follow directly from Definition 3.3 and
Lemma 3.2 through a simple induction argument.

Part 3. In view of parts 1 and 2 it is enough to prove the resuit in
the case E=0; for simplicity we will consider the case n=1. The general
case can be treated in the same way; one only needs to repeat the same

argument several times.
Let f e #(R?). One can easily show the following fundamental identity

(see Th. 1.1.10/2 of ref. 11):
((/) - CP')“ 2 2
flo)=C — - D*f(¢")d"¢’, ¢eR
MX::z fRz ((P —Q )2
where a = (o, 2,) is a two-dimensional multi-index with «,, «, nonnegative
integers, C is a positive constant, and we have used the conventions
P =070%,  0=(¢,p,)eR’
oM on
g3 g%
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and
for] = oty + oty

A straightforward estimation (also see Th. 1.4.5 of ref. 11) yields that if
loe| =

—l|<¢ peR?
@
and
(@ +h)* _
£+h) Ll < elh) Py

for all ¢ eR* and heR? such that ¢?>9h? and where ¢ is a positive
constant. Thus,

f(@+m-fo)<c| D (9)] &

(¢ — o Y <912

+ e(h?)? | ID*f(@)I/L(o ~ ¢' V'] &g
(0 — o) =94
Applying Hoélder’s inequality to both integrations of the right-hand side of
the inequality above, we conclude that the intersection between F(R™)
and the unit ball of H;, form a uniformly equicontinuous family of
functions over the compact subsets of R

Let fe Z(R*). Since Vo - ¢/2¢* =0 for ¢ #0, where Vg is the usual
gradient in R? at the point ¢, we get from Stokes’ theorem that

f(72)=j 2 —— - Vof(¢®) d*o, reR™

where C, is a disk of radius r centered at zero. Using the Holder inequality
once more, we obtain the inequality

1/2
101<E| [ 1o Varton) e

for some constant ¢ and all r = 1.

Let us now consider a sequence {f},.n at elements of Z(R*) such
that || fill50< M for all k=1,2,.. and some M >0. From the dominated
convergence theorem and a standard diagonalization argument we
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conclude that {f.},. has a subsequence that converges in L*(R?d%¢).
Since we can repeat the same argument for {f7},.n, We can assume that
the subsequence above converges in H, , and the rest of the proof now
follows from the fact that #(R*) is dense in Hs,. |

We now give an alternative definition of S and D, , as operators
defined on H, z, n=0,1, 2,....

Definition 3.6. Let EcR and let §, ;: R*—>C be the fanction
defined by

B, e(@)=h(ipH)e™®,  ¢eR?

where # is the characteristic function of the distribution of the potential
defined in the introduction. We will denote by B, , the operator multi-
plication by f, .

A straightforward computation yields the following lemma.

Lemma 3.7.

1. Let fe #(R?) and let a € R; then
<i a<Pz-(13o,a(f))> _ (1 —2a><Bo,a(i 5<P,»f)>
M(p,-(BO,a(f)) Q 1 ‘BO,KZ(M(ﬂif)
forall i=1, 2.
2. The operator B ; leaves #(R™") invariant and
<2i(Bo,1(f))’> _ (1 —2a><2i(5’o,a(f’)>
BO,a(f) O 1 BO,a(f)
for all fe Z(R™).

Definition 3.8. We introduce T (the supersymmetric transfer
matrix’"'9) as the operator from Z(R*) to £ (R?) defined by

1 e
(TN =~ | e[l d%.  ge®  (34)

We shall denote the ordinary Fourier transform on £ (R?) by #. Thus
(3.4) can be rewritten as

(TUMNe*) = =2F(fNe),  ¢eR?
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Lemma 3.9.

1. Let n be any positive integer and let / be an element of Z(R™).
Then

20 ( X 67
(— 1)t

2—(2—71)”—[@ eXP[*i Z ¢,--<p£Jf("’” (Z ¢§> ﬁ d*p, (3.5)

i=1 =1 i=1

for all k=0, 1, 2,.., with k<n and all (¢},.., ¢,) e R*.
2. The operator T leaves % (R™) invariant and

(i )-G o))
for all fe Z(R*).
3. Let fe #(R?). Then

(e )

Proof. The derivation of Eq.(3.5) is an easy exercise in super-
symmetric field theory (see Lemma II.5 of ref. 8 for a direct proof without
the use of superspaces). The rest of the proof follows now from (3.5) and
a straightforward computation. |

forall i=1, 2.

Proposition 3.10. Let 4 be a compact subset of (—1, 1). Then:

1. B, T extends to an isometry on H, . for all n=0,1,2,.., and
FEe A

2. Let n be n-times differentiable on (0, +00) with bounded
derivatives. Then B, ;. extends to a bounded operator on H,
forall n=0,1,2,., Fe(—1,1), E‘'eR and A€ R. Moreover, if the
distribution y has a second moment

1B i M e S E“* | fllps fEH, 5

forall n=0, 1, 2,.., E€ A, and 4| <1, where m is the mean of the
distribution of the potential u and ¢, is a positive constant that
depends only on » and the set 4.
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Proof.
1. The proof of part 1 follows the fact that

<01101E1m2E0—1_1E

-1 0)\-2E 1)\E 1)\0 1 A1 0/ \E 1

for all E€ R, Lemmas 3.7 and 3.8, and a simple induction argument.
2. LetaeR and let E€(—1, 1). Since

<1 01E<1—2a_<1E+0 —20
—2¢ 1N\NE 1JNO 1 ) \E 1 20 4o2—4gE

we can conclude from Lemmas 3.2 and 3.7 that if fe #(R*)

1Bo, o N2 =111 e+ 20, a (I f N 6) + 2205 4 (1f I )
for all n=0,1,2,.., and Ee 4, where O, ,(-) and O, ,(-) are bounded

functions which depend only on n, and 4. On the other hand, using
Jensen’s inequality and Definition 3.6, we get that

B = [, Bosin o)t

2

nE

<) 1Boiin— o) )1 )

for all n=0, 1, 2.... and the proof of part 2 follows. |

We now state a theorem that summarizes the spectral properties of
B, g T for A#£0.

Theorem 3.11. Let Ec(—1, 1) and let 4 be n-times differentiable
on (0, +00) with bounded derivatives and such that [A¥(r)| >0 as
r— +oo for all k< n. Then:
1. (B, g T)* is compact on H, ; for all k=0,1,.,n E'eR, and
A#0.

2. The spectral radius of B, ;. T on H, zis | for all k=0, 1,.., n, all
E'eR, and A+#0.

3. 1 is an algebraically simple eigenvalue of B, . T on H, ; and it is
the only eigenvalue of modulus 1 for all k=0, 1,.., 5, all E'eR,
and 4 #0.

4. Let H) ,={feH,: f(0)=0}. Then H}, is left invariant by
B, ¢ T and the spectral radius of B, . T on H,?, 18 strictly smaller
that one for all m=0, 1,...n, E'e R, and 4#0.
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Proof. The properties of B, ;T described above are the key result
used in the study of the density of states for one-dimensional Anderson
models and a complete derivation in a more general case can be found in
ref. 12. We only wish to point out to the interested reader that Klein
et al."? used a sequence of Hilbert spaces that corresponds to the case
E'=0 and that their norms are equivalent to our |-|,¢s. 1

We will now study the behavior of B; T as 1 approaches zero.

Proposition 3.12. Let px be such that # is n-times differentiable
with A(2)) = O[(1 4 ¢*)~*?] for all i=0, 1, 2,.., n and some o> 0. If the
first and second moments of u exist with the second one different from
zero, then for every Ec€(—1, 1) and i=0, 1,..., n, there exist M, 4y, and ¢
strictly positive constants such that

1By e ()1 e < Me™ 2| 1], 1
for all {4| <Zq, k=0, 1,2,., and fe HOE

Proof. We first kind a bound for the operator norm of (B, T)* on
H, p. Let fe £{R™) and let m be the mean of the distribution u. Since

[BA,ET](f) = [B/L/lmBO,Efim T](f)

we can conclude from Proposition 3.10 that

VB e D (M1 <EFN S Nl

for all Fe(—1,1), k=0,1,.., and [A] <Ay, when A, and ¢ are positive
constants which depend only on n, E, and m. Thus, from Proposition 3.5,
part 2, we get that

IBo e D (e < M'e™ | fll,, (3.6)

for all k=0,1,2,., Ee(—1,1), and |A| <4y, where i,, M’, and ¢’ are
positive constants that depend only on E, n, and m.

In view of Remark 3.4, the rest of the proof follows as in Lemma 3.2
of ref. 7. |

Corollary 3.13. Let p satisfy the same conditions as in Proposi-
tion 3.12 and let £, ; be the unique solution of

[B.:T1C<1e)=C0ks L#0, Ee(—1,1) (3.7)
normalized by &, ;(0)= 1. Then

1o elie<M, g
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for all i=0,1,2,.,n, Ec(—1,1), and |4] <4,, where 1, and M, ; are
positive constants that depend only on E and ».

Proof. Let &, be an element of H, ; such that £,(0)=1. Then if
Ee(—1,1)

(BA,ET)kfo_ éoz fz,E_ éo*}‘ (B;.,ET)k(fo_ 5,1,5)

for all A#0 and k=0, 1,... Choosing k= [ko/A*]+ 1, where k, is a
positive constant to be determined later, we get from Proposition 3.12 and
inequality (3.4)

€2~ Colln, S Me P&, p—Eoll+ M'(1 + etk Mol e

for all n=0,1,2,.., and |i| <4,, where A, and M’, M, C, and C’ are
positive constants that depend on s and E. Thus, by choosing k,
sufficiently big, we have that the result follows. J

We now make the connection between the Hilbert space K defined in
the introduction and the (supersymmetric) space H, ,. We will simply state
the results we use here and we refer the reader to Section IIT of ref. 8 for
a complete discussion.

Definition 3.14. Let #’(R™") be the real vector of all functions in
F(R™*) such that f(0)e R. We shall make use of the real Hilbert space
HY , which is obtained by taking the completion of #"(R™") under the
norm | -[i; . We shall also make use of the operator F which acts on K and
is defined by

FN === e pan fez@)

%l

Proposition 3.15.

Hi,={feH,, f(0)eR}.

2. Let K" be the real part of K. Then F extends to an orthogonal
transformation from K" to HY, and its inverse is given by the
formula

— 0

(F'g)(x) =4\1/; Jﬂo pl/2)ixr g(r) dr, ge L' (R™)

3. Tand S leave H' ; equivalently K" invariant and

S=F"'TF
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4. Let p be such that its characteristic function # is continuously
differentiable on (0, + o) and 4% is bounded for all i=0, 1; then
B, pand D; ; leave H7 , equivalently K" invariant and

DLEZF_IB&EF
on K'.
5. Let u be as in part 4. If in addition |A“)(¢)] >0 as t— 4o for

all i=0,1, then the unique [up to the normalization
{& @4 £(x)dx=1] solution ¢, 5 of (2.2) satisfies

2
¢A,E=ﬁF71(5z,5)

where £, - is the unique [up to the normalization ¢, .(0)=1]
solution of (3.7).

We finish this section by giving a proof for Theorem 2.2 in the case the
energy E is not of the form E =cos{np/q) with p < g prime integers. Since
continuity of R3¢, » for A#0 can be proven through standard
arguments developed in refs. 8-10 and 12, we will concentrate on the case
A=0.

An explicit computation shows that the function &g -(¢®)eH, .
n=0, 1, 2,.., defined by

oe(9?)=exp(3i[E+i(1—E*)'?]9%},  ¢@eR?
is a solution of the equation
(Bo,ET)(fo,E)= fo,E (3.8)

Moreover, in view of Proposition 3.15, we conclude from Lemma 3.1 of
ref. 3 that if E is not of the special form mentioned above, £ 5 is the unique
[up to the normalization &, z(0)=1] solution of (3.6). Let f'€ H;, and let
Ee(—1,1). Using Taylor’s theorem, we get that for all ge H;

D)

for some ¢ with |c| <A and where (, >3, denotes the inner product of
H; 5. Replacing f by &, ., we get from Corollary 3.13 that

165, 6= (Bo, s THE ) p)ll5,0 < MA

for all n=0, 1, 2,... and A sufficiently small, where M is a positive constant
independent of 4. Thus &, ,— (B zT)(&, ) =0 as A -0 in H,, for all
Ee(—1,1). Now let {1,},. be any sequence of real numbers such that
{&.)ken has a weak limit in H;, as k— +oo. The previous statement

d
<& (BT 0= <& (Boe I Dsat 2 (5 (B )

822/63/3-4-9
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implies that any such limit will have to satisfy (3.6). Therefore we conciude
from Corollary 3.13 that &, , converges weakly in H,, to &, ;. Thus,
¢, e converges & strongly in H,, and the result follows from
Proposition 3.15.

4. THE OPERATOR 4, ,

In this section we give a precise definition of the operator 4, z, the
key ingredient of Eq. (2.6), and we study its properties on the Hilbert
spaces H, p. We will abuse the notation by writing A4, instead of
FAg g F

In view of relations (2.6) and Proposition 3.15 it seems natural to
define A, 5, at least on a dense subspace, through the equation

B, Ty -1
A0b=hm ( A E )
’ A0 2

(4.1)

Indeed, one can easily see that if the energy is of the special form
E=cos(np/q) with p<gq relatively prime integers, then (B, T)? =1L
Thus, we can conclude that (1/A)[(B, T)?—I](f) converges in H,,
provided that fe H,, ,, for all =0, 1,..., and that

. (B, ;T 1T et _
i | PN ()= i | T (BT M BT | )
[ k=0
where M ,: denotes the operator multiplication by ¢2

An explicit computation shows that zero is an eigenvalue of A, , for
all £ of the special form mentioned above with one of its eigenvectors being
the function

o r(0?)=exp(3i[E+i(1-E?)'?]9?},  ¢@eR’

Theorem 3.11 together with Proposition 3.12, however, suggests that the
gap between the eigenvalue one and the rest of the spectrum of B; ;T is of
the order A% Thus, (4.1) cannot be used to show that 0 is an isolated
simple eigenvalue of 4, z, a crucial fact in the proof of Theorem 2.1.

On the other hand, one can easily check that if the energy E is of the
form mentioned above and feH, .o, then (1/A)[(Bo g nT)—11(f)
converges in H, , and

A £(f) = im lim [(B_M_LL)"—_/] »

is0 A

—im [E (BO,ET>'<M¢;(BO,ET>‘1~’<l}m (42)

forall n=0,1,2, 3,....
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It is easy to see now that considering B, 5, ;;, 4> 0 corresponds to the
case where y has the Cauchy distribution. Moreover, a careful review of
the proof of Proposition 3.12 suggests that in this case the exponent of the
right-hand side of the inequality proved there is of order 1. This indicates
that (4.2) should be more suitable for the study of A4, . Indeed, one can
modify the proofs of the previous section to accommodate the case of
By g, 4>0. However, we clect to present here a much simpler argument
that is easily generalizable to higher-dimensional models and which is
based on an explicit computation described by the following lemma.

Lemma 4.1. Let fe#(R*), let >0, and let £ be a positive
integer. Then

[(Bo r. TV (/)1(0?)
=exp{i(E+i1)¢” + 5ip G5 7}
X [(TBo, qmesr= )N UGGEHSTTH T @eR? (43)
where
G’Egﬁff”r (il (= 3d g — (E+i4)) 16,0, Lj=23,..k
Aps 4y denotes the operator 4 restricted to [*([2, k]) with Dirichlet

boundary conditions outside [2, k] and §,, 6,e/*([2, k]) stand for the

J
delta functions concentrated at the point 7 and .

Proof. The derivation of relation (4.3) is a simple exercise in super-
symmetric Gaussian integrals.”> However, the proof can be done directly
using arguments in principle similar to the ones used in Lemma 3.9, part 1,
and it is left to the reader. |

We now state the proposition that contains the bounds for By, ;T
that are necessary for the study of 4, ..

Proposition 4.2. Let 4 be a compact set of (—1, 1) and let n be
a positive integer. Then if Ee A:

Lo Bope s D (N e<e™ e
for all feH, k=0,1,., and A>0, where ¢ is a positive
constant that depends only on # and the set A.

2. 1(Bo, g1 TV U N pe<Me™ | fl,, &
for all fe H,?,E, k=0,1,2,., and A>0, where as before M and

¢ are two positive constants that depend on # and the set A.
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Proof.

Part 1. 1t is enough of course to show the inequality for k= 1. One
can easily check that

(1 ol cazem e o N )

1 E
(4 B

for all || <1, where G is a 2 x 2 square matrix whose norm is bounded in
absolute value by a constant that depends on A. The result now follows
from Lemmas 3.7 and 3.8 and a simple induction argument.

Part 2. In view of Proposition 3.5, it is enough to show the
inequality for E=0. Let { p;}, . be the sequence of real numbers defined

by
( Pe >_<—2(E+i/1) —1)_ N _<—2(E+i;b) 1\t
Pr-1 h 1 0 k—ltin;es 1 0)(0)

One can show'® that

Gi,k,E+iz_2pi—1

[2.k]

for all i=2,3,.., kand k=2, 3,....
Diagonalizing the matrix

(-2(?11) -(1))

we get
(Pk + 1) _ 1 <(O‘E,/:)k+2 - 1/(055,/:)/c )
Pk (g:)" =1\ (og ) = (e, ) !

where op , = —(E+il) — [(E+il)*~ 1]
One can now easily verify that

ed]/?. < |aE,;L| < edz).

for all 2= 0 and E e 4, where d,, d, are two positive constants that depend
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only on 4. Thus, we conclude that there exist constants ¢,, M, ¢ >0 such
that if k4> ¢y, then

|G2,k,E+i/‘.‘ SMe——cki

[2.,k]
2,2, E+ily __ |k, k E+ ik
|G[2,k1§+l = |G[2,k]+l <M

and

2,2,E+iA __ k ok, E+ iA
ImG[zyk] —ImG[zsk] =c

forall A1=0, k=2, 3,4,., and Ee€ A.
Let f be an element of H&n. Using relation (3.5), we can rewrite (4.3)
as

[(Boz+s D (f)1(0?)

=exp{i(E+il) o> + 1ip’G ?’2,2}{?+ iA

~ i L ’
<[ {ow| 50000088 |- 1] (B0 muatz 10D
(44)

Recalling the multi-index notation of the proof of Proposition 3.5, part 3,
and using the bounds mentioned above, we conclude from the Holder
inequality and a straightforward computation that if k2> ¢,

k3 5/64
—clk
w'ﬁzw@ [(BO,E+i/lT)k(f)] < Me (4.5)

“ MM
|

LR, d%p)

for all k), ky, ks, kyeZ* with ky+k,+k,+k,=n and Ec A, where M
and C are two constants that depend on » and the set 4. Using Lemmas 3.7
and 3.9 and relation (4.3), we can find an explicit formula for
[(Bo g+ T)(f)] similar to the ones described by (4.4). So we can use the
same argument to conclude that [(B, z,,7)(f)] also satisfies an
inequality similar to the one described by (4.5). Thus, we have shown the
inequality for the case where kA is bigger than a fixed positive number and
the rest of the proof follows from part 1. |

Let Ee(—1,1), let A>0, and zeC. We shall make use of the
operators

-1
R [ o .
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Lemma 4.3.

Lo IR (Ol p < M(Rez+c)
for all feH),, n=0,1,2,., 0<i<l1, where M and ¢ are
positive constants that depend on »n and E.
M
2 IR S R T e T T
for all feH, ;, n=0,1,2,., where M’ is a positive constant
and ¢ is the constant used in (1).

Proof.

Part 1. Using Proposition 4.2, part 2, we get that the power series

/Jv i (BO,E+1'A T)k
1—2z (1—Az)*

k=0

converges in H, ; as long as Rez>c¢ for some positive constant c.
Moreover, we can adjust ¢ such that the convergence is uniform in 4,
0<A<1, and the proof of part 1 follows.

Part 2. Let A>0. Using Proposition 4.2, one can show that the
vector defined by

0, c(¢*)=exp (% {(E+il)+ [(E+iA)*—1]"} (p2>, peR

is the unique solution of the equation
(BO,E«H'}. T)HLE: 9;.,15
Lemma 3.9, part 1 implies!”-® that the spectral projection
1

P,p=| ————d
e fVBO,E+ii.T—Z ‘

where y is an appropriate closed contour enclosing only the eigenvalue one,
has the simple form

Poe(f)=70)0;p  feH,x

Thus, if Re z <0, we can write

1
R pf)= =20, et LR LU= Py p)IS) feH,,

and the proof of part 2 follows. §
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Let E=cos{np/q) with p < g relatively prime integers and « € R. From
Proposition 3.10, part 1 we get that

(g (BO,E+aT)q(f)>n,E+oc= <(TBO,—(E+a))q(g)7f>n,E+ac

for all feH, ,,and n=0, 1, 2,... Differentiating the relation above with
respect to o and setting o« =0, we get

(s i[qzl (BO,ETVM@z(Bo,E)q-kJ (f)>n’E

k=0

= <——i':qz (TBO,,E)qkaq,Z(TBO,_E)k:l (g), (f)>
i nE

0

forall feH, ,sand n=0,1,2,... However,
[TBO,‘E]kZ(Bo,ET)qik

for all k==0,.., ¢ — 1. Thus, the unbounded operator i4, ; defined by

g—1

iAo £(f)=m [ 5 (BO,ETV‘MQ,Z(BO,E)”} ) feH,.,

k=0
is symmetric in H, ; for all =0, 1, 2,....
Theorem 4.4. The Friedrichs extension of —AJ , is a positive self-
adjoint operator on H, ; for all n=0, 1, 2,... with the following properties:
1. Tts spectrum has the form {0}u[c, +00] for some strictly
positive constant c.
2. Zero is a simple eigenvalue with eigenvector

Gusto?)=exp {FLEHI-EP102],  pe?

while the rest of the spectrum is supported by the invariant hyper-
plane H) ..

Proof. Let n be a positive integer and let fe H,, ;. Then

2

I—(Bog.uT)
A

o= A= Mo s N = i, | )

n E

However, using Lemma 4.3, we can bound the right-hand side of the above
equation by a positive constant times the H, ; norm of f and the rest of
the proof now follows through an explicit computation. J
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5. THE ASYMPTOTIC EXPANSION FOR THE SPECIAL
ENERGIES

We start this section by giving a proof for Theorem 2.1. Let £ be of
the special form mentioned before, let £, » be the unique solution of (3.7)
such that &, ;(0)=1, and let n be any positive integer. We will show that
the function Ral—¢; pe H,, has an asymptotic expansion of order n
(see XIL3 of ref 13) at A=0 for all /=0, 1, 2,... and that its coefficients
{¢8p} 20,1, » around 1 =0 satisfy the equations

(0) +(0) = (’) (0)=0, i=1,2,..,n
Ao gESE= (5.1)
Fln 1N/ d°
(n+1) A4y £ <4 & E= Z ( ><d_hz (Bh,ET)q> (ég,lglik))a nzl
h=0

We will use induction in n.
n=0. Let feH, ., Using Taylor’s theorem, we get that for all
geH,,
& BreDUS)>10=X8 [P0+ 4{g Ao e(f) D10

o ()0,

for some ¢ with [c| <[A| and where (-, -),, denotes the inner product of
H,,. Replacing f by &, ;, we get from Corollary 3.13 that if ¢, ; is the
eigenvector defined in (4.2), |4 £(&s g— o £}l 0 coOnverges to zero as 4
approaches zero for all /=0, 1, 2,.... Thus, from Theorem 4.4 we conclude
that &, ;= &z in Hyy, [=0, 1, 2,.., as A — 0, which finishes the proof for
n=0.

n—n+1. Let us assume that the result is true for n. Using Taylor’s
theorem as before, we get that for all ge H,,,

n+2 k dk
0=<g, A0l )10t < g Z X (dhk (Bh,ET)q) (f;E)>
k=2"™" h=0 £,0

ln+3 dn+3
+ (oo (G Ber) @)

for some |¢| < {A|. Substituting

n

/lk
Cig= Z Ffé’f};—ko(l”)
o k!
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into the equation above and regrouping terms, we get that for small 4

(& 140855+ z d [ Y ()(; B:77) (éf{;”)Dw

/ln+2 n+2 7’l+2 d] )
= (g — — (B, . Ty (n+2-—-j) An+2
(s (n+2>!,-§2< J )(dhf( LTP), o)

(5.2)

where o(4"*?) is a vector-valued function which divided by "2 converges
to zero in norm in H,,. Using Egs. (5. ) we can rewrite (5.2) as

(oo ol 5 )],

n+2 2
(&% (”j )(dh, (B,,Erv)h (s f>)+%ou)>w

j=2

for some |c¢’'| < A. Thus, the norms

e ene- § 5ot ]

L0

are bounded by positive constants independent of 4 for A small enough for
all /=0,1,2,... Since in view of Theorem 4.4 the solutions of (5.1) are
unique, we conclude, as in the proof of Theorem 2.2, from a weak compact-
ness argument and Proposition 3.5, part 3, that

1 n
N (t)
/'Ln +1 [6 i;o é :I

converges in H,, as 4 approaches zero for all /=0, 1, 2,..., and its limit
£ Y satisfies the equation

n+2 n+2 dk )
(n+2)A4 E575" = Z( K )(—;(B,,,ET)‘I> goai?
k=2 h=0

This completes our induction. The proof of Theorem 2.1 now follows from
Proposition 3.15. |

We finish this section by discussing the instability of the anomalies
method in the introduction.

Let E=na; since the action of D, ;S is equivalent to an ergodic map
on the circle, one can show® that the set of equations

7 dk
1= Dy £S)(0%) = (D, xS nk 52
U=D0sso) = T ()5 0ue9) w0h 52

k=
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has a unique solution up to normalization [g ¢%{x)dx=1. Moreover,
Bovier and Klein® have shown that as E approaches a special energy of
the form E, = cos(np/q) with p < g relatively prime integers, ¢’ have limits
for all n=0,1, 2,..., ¢ — 1. We will show that these limits have to be equal
to the components of the solution to the modified equations

n dk
R EA R

for all n=0,..., g — 2.

Let {¢%},_o 1. be a solution of (5.2). Applying D, ;S to both sides
of the equation, we get

dk
(Do £8)(97) =@ — }: (k)( 7 (Da ES)> (e% ")
A=0

k=1

[ @ars £ (N 0ee) JJior

Using again (5.2), we can rewrite the above equation as

n dk
(DO,ES)Z((PZ‘):(/)Z“ Z ( )(dik (DA ET)>

k=

Lo NG,

~0oe)| § ([ 0se9) 01

A=0

or
(Do, s5) (@) = 9~ kzl 121< )( )(d/v( ’ES)> 1=0
« [(5’%— (DLES)>M ((p'gk)}
~(Dg £S) [[él <Z>(%—i (DLES)>A=0 (‘P'E)k)]
or

n dk
ussPon=0i- ¥ ()57 ues?) (08

k=1
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Performing the same calculation ¢ times, we get

Dossiton=0i- 3 (1) 2 0.e5r)  @H  54)

k=1 A=0

Let ¢f =limg_ 5%, n=0,1,2,.,9—1 (see Lemma3.2 of ref 3).
Relation (5.4) implies that

g—1 g2 it d* S
1 AO,E()qDEo = _kgz k dlk (‘D/ E()S) B (pEo

Since the solution of the equation above are unique (up to the usual
normalization) the result follows.
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